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Abstract A modified penalty scheme is discussed for solving the Stokes problem
with the Crouzeix-Raviart type nonconforming linear triangular finite element. By the
L? projection method, the superconvergence results for the velocity and pressure are
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numerical experiments are carried out to confirm the theoretical results.
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1 Introduction

Consider the following incompressible Stokes problem:

—Au+Vp=f in Q (1)
divu=0 in Q, (2)
u=0 on 09, (3)

where u = (u',u?), and Q C R? is a bounded domain with the Lipschitz boundary 9.

As we know, problem (1)—(3) is difficult to be numerically solved because the pressure p
does not appear in the incompressibility equation (2). A simple way to overcome this difficulty
is to add a pressure dependent perturbation to the incompressible constrain divu = 016 in
which the penalty method is the simplest and fundamental one. It has been shown in [7] that
for a penalty parameter € > 0, the difference between the solution of the Stokes problem and
the penalty finite element approximation can be estimated to be of order O(h*~! +¢), where h
denotes the mesh size, s is the order of complete polynomials contained in the approximating
space. In this case, € must be sufficiently small to obtain the accuracy approximation, which
sometimes may result in the stiffness matrix in a bad condition. To circumvent or amelio-
rate the deficiency, [8] proposed a modified penalty method by the linear combination of two
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solutions obtained from the classical penalty method and proved that the approximation was
more accurate than the classical penalty method for conforming elements. At the same time,
the modified penalty method with a larger penalty parameter can achieve the same accuracy
as the classical method with a smaller penalty parameter. Therefore, it is easier to solve the
stiffness matrix generated by the modified penalty method. Later, [9] applied this method to
nonconforming elements and derived the same convergence results as in [8].

Moreover, the superconvergence for finite element solutions has been an active research area
in numerical analysis. In recent years, there are some excellent studies on the superconvergence
of mixed finite element approximation to the stationary Stokes problem!** 191, [10-13] derived
the superconvergence for conforming elements. [14] and [15] derived the superconvergence for
nonconforming constrained Q°* rectangular elements(2%) with the integral identity technique
and interpolation postprocessing operators. In addition, [16] established a general supercon-
vergence result for conforming mixed element approximations of the Stokes problem by the L2
projection method proposed and analyzed in [21]. The basic idea of the L? projection method is
to construct a new finite element approximation in a finite-dimensional space corresponding to
a coarse mesh, and the difference in the mesh sizes can be used to achieve a better convergence
rate after the post-processing procedure. Later, [17] extended the superconvergence analysis of
[16] to the nonconforming case. Furthermore, the L? projection method was used in [18] and
[19] to establish a superconvergence result for the stabilized finite element method.

In this paper, we investigate the superconvergence of the modified nonconforming finite
element penalty scheme for the Stokes problem with the L? projection method. The noncon-
forming finite element space consists of the Crouzeix-Raviart type nonconforming linear trian-
gular element for the velocity and the piecewise constants for the pressure. Using this space,
[9] only obtained the convergence results for the modified penalty scheme. [17] derived the
superconvergence by the L? projection method, but only the theoretical analysis of the mixed
element scheme was presented without numerical experiments. As a first attempt, we combine
the modified penalty method with the L? projection method to get the superconvergence and
overcome the above difficulty in the numerical simulation of the incompressible Stokes problem.
The error estimates of the discrete energy norm for velocity and the L? norm for pressure with
order O(h*¥) (1 < k < 2) are obtained for the modified penalty scheme, respectively, in which
the penalty parameter only needs to be chosen to be of order O(h) instead of O(h*) (1 < k < 2)
in the classical penalty method. At the same time, to verify the performance of the present
method, we carry out a numerical example. Moreover, we point out that the results derived
herein are also valid for the nonconforming finite element space satisfying some conditions (see
Remark 3.2 below).

The remainder of this paper is organized as follows: In the next section, we present the
modified nonconforming finite element penalty method for the Stokes problem (1)-(3). In
Section 3, the superconvergence results both for velocity and pressure are obtained by the L?
projection method. In Section 4, we present some numerical results to illustrate the validity of
the present theoretical analysis.

We use the standard notation for the Sobolev spaces H™(§2) with norm ||-||,, and semi-norm
| |m and H™(K) with norm || - ||, x and semi-norm |- |, x, where m > 0 is a real number. Let
| - llo and || - [Jo,x be the L?(£2) norm and the L?(K) norm, respectively. Besides, let Py be the
space consisting of piecewise polynomials of degree k, where k > 0 is an integer. Throughout
the paper, C' denotes a positive constant independent of the mesh parameter h.

2 Modified penalty scheme and some preliminary results
Let

X = (Hy (),
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M =Li(Q) = {q,q € LQ(Q),/ gdxdy = 0}.
Q
Then, the weak form of (1)—(3) is to find (u,p) € X x M such that
a(u,v) —b(v,p) = (f,v), WveX, (4)
b(u,q) =0, Vge M, (5)
where

a(u,v):/Vquda:dy,
Q

b(v,q) = / qdivovdady, Yu,ve X, Vqe M.
Q
The spaces X and M satisfy the Babuska-Brezzi (B-B) condition!”, i.e., there exists a constant
Bo > 0 such that

b(v
sup (v,q)
vex vl

> Bollqllo, Vg€ M.

Thus, it is easy to show that (4)—(5) has a unique solution.
The classical penalty method applied to (1)—(3) is to approximate the solution (u,p) by
(u®, p®) such that

—AuT+Vp =f in Q, (6)
divu®+ep®=0 in Q, (7)
u*=0 on ON. (8)

The weak form of (6)—(8) is to find (u®,p®) € X x M such that

a(u®,v) = b(v,p%) = (f,v), YveX, (9)
b(u®,q) +e(p®.q) =0, Vge M. (10)

Then, there holds the following error estimate (see [7]):
[l = ulo + [lu = wll +[lp = pllo < Ce. (11)

Let T}, be a triangular partition of the domain Q@ = |J K with the mesh size h, and
KeTy,

X, = {v = (W', 0?0 ke (P1)2,/

[v[ds =0,F C 8K},
F

My, = {q € L*(Q);q ke Po,/ qdxdy = 0}
K

be the approximation spaces for velocity and pressure, respectively, where [v] denotes the jump
value of v across the boundary F, and [v] = v if F C 9Q. I} : (H}())? — X}, and J), :
L3(2) — M), are the associated interpolation operators. Then, for (u,p) € (H*(Q))? x H*(Q),
the following estimates hold?2l:

lu = Thullo + hllu — Myulln < Ch2|lul2, (12)

llp — Jupllo < Ch||pl1, (13)
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where

1
2
thHh:( ) |Uh|%,1<)

KeTy

for v, = (v}, v3).
The mixed finite element approximation of (9)—(10) is to find (u$,p5) € Xp x M}, such that

an(up,vp) — bp(op, pf) = (f,vn), Yun € Xy, (14)
bn(up, qn) +(ph,qn) =0,  Vgn € Mp, (15)
where
ap(Un, vn) = / VupVupdzdy,
KeTy,
n(Un, qn) Z / qrdiv vpdxdy.
KeET,

The following conclusions were derived in [9].

Lemma 2.1  Assume that (u,p) and (u5, p§) are the solutions of problems (4)—(5) and
(14)—(15), respectively. There holds

llu = wiplln + lp = Phllo < C(h + ) ([lullz + lIpll1)- (16)

The modified penalty method is used to approximate the solution (u,p) of (4)—(5) by the

: AN T
following pair (u;,,, p.,.):
Em En
h €n Up~ — Up
Uy = uh —&n———— (17)
Em — En
Em En
h _ . en by — Dy
pmn - ph —&n 5 (18)
Em — En

where (u;™,p;™) and (u;™, p5*) are the solutions of (14)—(15) with € = ,,, and € = ¢, respec-

tively. It is easy to show that (u”,,p”. ) is the solution of the following equations:

an (W vn) = bn(vi, Plhy) = (f,on), Vo, € Xn, (19)
EmEn
b (U, an) = I (5 =y an),  Yan € M. (20)

Lemma 2.2 When ¢, = ke, (k > 1), there holds
=l b+ P = Plnllo < C(h+ emen) ([[ullz + [|pll1)- (21)

From (21), we can see that, if e, = O(h2), the convergence order is O(h), which is half
order higher than that of the classical penalty method (14)—(15). In other words, the modified
penalty method (17)—(18) with a larger penalty parameter can achieve the same accuracy as
the classical method with a smaller penalty parameter.
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3 Superconvergence analysis by L? projection method

In this section, we derive the superconvergence results of the nonconforming finite element
penalty scheme for the Stokes problem by the L? projection method. The main idea is to
project the finite element solution to another finite element space with a different coarse mesh.
The difference in the mesh sizes can be used to achieve a better convergence rate after the
post-processing procedure. Interested readers can refer to [16-19] and [21] for more details.

Let ' be another finite element partition with the mesh size 7, where h < 7. Assume that
7 and h have the following relation:

T=h"

with « € (0,1). « plays an important role later in achieving the superconvergence.

Denote X, and M, by two finite element spaces consisting of piecewise polynomials of
degrees r and t, respectively. Let @, and R, be two L? projectors from L?(Q2) onto the finite
element spaces X, and M., respectively, i.e.,

(Qru,vp) = (u,vy), Yo, € X,
and
(Rep,an) = (psan), Van € M.

In what follows, we give the estimates for u — Q,u”, and p — R,pl, . respectively.

Lemma 3.1  Assume that (u,p) and (ul,,,pl.,.) are determined by (4)—(5) and (17)—(18),
respectively, and €, = ke, (k > 1). Then, we have

1Qru — Qrupynllo < C(R® + hemen + hen + emen) (lullz + [[pl), (22)
|Qru — QTu?nnh < C(h27a + e men + B %, + h™%men)([lull2 + [|Ip[l1)- (23)
Proof From the definition of Q., we get

|Qru — Q‘ruzm”()
|(Q7—U - Q‘Fu?nnv ¢)|

= sup

 Ge(zA@)2 10ll020 1610
_ .k
$E(L2(9))2,]|ll0#0 l[4llo
Let (w, ) be the solution of the following auxiliary problem:
—Aw+VA=Q;¢ in (25)
divw=0 in €, (26)
w=0 on 0. (27)
Then, there holds
[wllz + [[AllL < C[|Qr]lo- (28)
By (25)—-(27), we have
a(w,v) =b(v,A) = (Qr¢,v), VveX, (29)

b(w,q) =0, Vqe M. (30)
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Multiplying (25) by u , and (26) by p”,.., respectively, and integrating them over Q give

(Qr6, )
—ah( w, mn)_bh( mn7A)

"2 fantete X[

KeTy, KeTy
and
bh(vavl;b"m) =0.

Replacing v in (29) by v and ¢ in (30) by p, and using (31)-(32), we obtain

(QT¢7 U — h )
= an(w,u — )—bh( Uppns A)
+ Z / nds — / M\l nd
Ket, VK " KET,

and

bh(UJ,p _p?nn) =0.
Similarly, it follows from (1)—(3), (19), and (20) that

ah( _ufnnv ) _bh(vhvp_pfnn)

_ —upd ds =
Z/aK vhs+2/pvhn80

KETy, KEeTy,
and
EmEn
b (u — )y, qn) + (P =Py qn) = 0.
Em — En
By use of (33)-(36), we have
(QT¢7u_uh )
an(w — Hpw,u —ul, ) +bn(p — ph ., pw) + Z / th thwn)d
OK 871,
KeTy
men 8
b —ul N — T+ (i = i )+ Z/ “’h i )ds
m KeTy 8K

ap(w — Mpw, u—u n) —bn(p— pmn,w I w)+ Z/ th thwn)d
KeT, V9K

EmE (9w
—bp(u— A — TN+ — — 5, T\ + ul = Ml n)ds.
h(u umn ) —en ( ph h Z ~/6K umnn) S

m KeT,

For all H € L?(F) and F C 0K, let

1
PFg=— [ Hds.
0 |F|/F ’

(31)

(32)

(33)

(34)

(37)
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It follows from the properties of X, and M} and the trace theorem that

ou
Z /8K 8—thwds

KeTy

— 8u Fau 5
= Z Z /F(% - B %>(th—w)ds < OR?||ul)2|jw2-

KeT, FCOK
Similarly,
> [ pitywnds < Chpl ]
KeT), oK
Moreover, with the aid of (21), we have

0 0 0
Z /aKa—Zu,’?mdSZ Z Z L(%—P{%)(ufm—u)ds

KeTy KeTy, FCOK
< Ch(h+ emen)(lullz + llpll)][w]2,

and

S [ Aubnds < Chlh -+ ezl + IoI)IN
KeTy, 9K

At the same time, the application of (21) yields

Emén

Em S T\
Em—ﬁn(ph P s Jn )

EmE EmE
= Het (thm - D Jh)‘)+ = T;: (p_pshnv']hA)

Em —&n m -~ <n

EméEn
<

(P = pllo + [lp = p3" o) 1Allo
Em —E€n

SC(hen + emen)([[ull2 + llpll) [ All-

Using the Schwarz inequality, (12)—(13), (21), and (38)—(42), we have

(Qrdyu = up,)]

< JJw — Myw||pllu — wl,lln =+ lp = Pl llollw — Tawlln + [ — ul, 6 lIA = JuAlo

+ C(h* + hemen + hen + emen) (Jullz + [lpll) (w2 + [A]l1)
< C(h® + hemen + hen + emen) ([ullz + [lpll) (lwll2 + [IA[])-
From (28), we arrive at
[(Qréyu—upy,)|
SO(W? + hemen + hen + emen)(lull2 + [[pl1)11Q-¢llo
SC(h? + hemen + hen + emen)([[ull2 + 21 |¢]lo;

which combining with (24) yields the desired result (22).

(38)

(43)

(44)
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Furthermore, the inverse inequality gives

|Q‘ru - Q'ruzlnh
CT?l”QT” - Q‘Fu?nn”o

<
< C(A? + hemen + hen + emen)T H(|Jull2 + ||2l1), (45)

which along with 7 = h® follows (23). The proof is completed.

Theorem 3.1  Under the assumptions in Lemma 3.1, when the exact solution u is suffi-
ciently smooth and €, = O(h), there holds

lu — Qrul |1 =~ O(h?) as 1 — oo. (46)
Proof Using the definition of ), and Lemma 3.1, we have
= Qrufy, 1
< Ju— Qruly +1Qru — Qrup,h
< O7"||ullp1 + C(h? + hemen + hen + emen)T ™ (|ull2 + |Ipll1)
< Ch" ||ullrg1 + C(h2 = + B % pen + W1 "%, + h % pmen)(lull + |Ipll1).  (47)

In fact, (47) is a superconvergence result for the velocity approximation.
For example, when ¢,, = O(h), with r =2 and o = %, we get
4
= Qa1 < ch3(J[ull + [Iplh)-

Withrz?;andoz:%,
3
= Qrugyy 1 < ch? ([[ulla + [|pl1)-
Withr:4anda:%,
8
= Qrug, 1y < ch® ([lulls + [Iplh)-
Thus, when w is sufficiently smooth, it is easy to see that
lu— Q. ul |1 =~ O(h?) as r — oo.

Lemma 3.2  Assume that (u,p) and (u”,,,,p",.) are determined by (4)—(5) and (17)—(18),
respectively, and €, = ke, (k > 1). Then, we have

| Rrp — RTpv}qun”O
SC** + h' ™ %emen + 1'% + h™%men) (ull2 + [Ipllh).- (48)
Proof First, using the definition of R., we get
|Rrp = Repliysllo

|(RTp - Rrp:%nv ¢)|
sup
$€L2(Q),]|¢]l070 llollo

_ sup |(p _p}rizanTng . (49)

$€L2(9),]|¢]l070 9l
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Let (@, x) be the solution of the following auxiliary problem that is different from (25)—(27):

divew = Rr¢ in €, (51)
w=0 on 0N (52)

Then, there holds!!6]
@l +Ixlh < ClIR-¢]1- (53)

By (50)—(52), we get
a(w@,v) —b(v,x) =0, Vve X, (54)

Multiplying (50) by u!,, and (51) by p”,,, and integrating them over €2 give
ah(w ufnn) - bh( mn)X)
Z 8 ul, ds + Z / xul, nds =0 (56)
KET, KEeT,
and
o (@, D) = (B, Plpn)- (57)
Taking (v, q) = (u,p) in (54)—(55) and using (56)—(57), we obtain
ah(w O ufbnn) - bh( - u?nn)X)
8@ uh
+ Z nds — Z Xumnnds =0 (58)
KET, KEeT,
and
bh(va - sz) = (RT¢7P - sz) (59)
From (35)—(36) and (58)—(59), we have
(R‘r¢7p - p?nn)
= b (@ — U@, p — plyn) + an (e, u — uyy,,)
— Z / —thds + Z / pllponds
KETy, oK 0 KET,
=by(w — My, p— ph) + an(yw — w,u —ul) + ap(w,u —ul,)
— Z / —thds + Z / pllponds
KETy, ox 0 KETy,

=bn(@ — oo, p = phn) + an(Ihw — @, u — ug,y,) + by (u = g, X)

_ Z / o= ul —xul n+ 8_uth - thwn) ds
8K on

KET,
=bp(@ — Wy, p — ph) + an(lhw — @, u — up,,,)
EmEn
b (w = U X = JX) = = (0" = By TnX)
0 ou
- Z /8K (8—Zuh —xul, n+ 8_th pHmﬂn)ds (60)
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With the similar arguments of (38)—(42), the Schwarz inequality, the interpolation theorem,
and (21), we have

(R, p — Pl
<@ = Mhwllnllp = Plnllo + lu = wi,llnlle — T |ln + lu — whn Inllx — Jaxllo
+ C(h* + hemen + hen + emen) (|ullz + Il ([ll2 + IIx]1)
<C(h? + hemen + hen + emen) ([ullz + [Pl (I ll2 + lIxl)- (61)

Moreover, (53) and the inverse inequality give

[(Rr ¢y 0 = Do)
C(h? + hemen + hen + emen) (lullz + [Pl |1 R- ¢
C

<
SO(h* + hemen + hen + emen)T ™ ([ullz + Ip11)[6llo, (62)

which combining with (49) and 7 = h® yields (48). The proof is completed.

Theorem 3.2  Under the assumptions of Lemma 3.2, when the exact solution p is suffi-
ciently smooth and €, = O(h), there holds

lp — R-p",llo = O(h?) as t — ooc. (63)
Proof The definition of R; and Lemma 3.2 give
Ip = Replhsllo
Ip = Repllo + [ Rep — Repiyinllo

<
S CR D |plligr + C(R2 + W' Cepmen + A %0 + h™%emen)
(llulle + [Ipll1), (64)

which shows an improvement of order for the pressure approximation.

For example, when e, = O(h), with t = 1 and o = 2, we have

4
Ip = Replallo < ch (lulls + [1pll2):

Witht =2 and a = %, we have

3
Ip = Reppnllo < chZ ([[ull2 + [p]l3)-

Witht =3 and a = %, we have

8
Ip = Roplllo < ch® (lulla + [1pll)-

Witht =4 and a = %, we have

5
Ip = Beblyllo < ch? (Julla + o]5).

Thus, when the exact solution p is sufficiently smooth, it is easy to obtain that
lp — Rl llo = O(h?) as t — oo.

Remark 3.1 Theorems 3.1-3.2 reveal that the O(h*) (1 < k < 2)-order superconvergence
for velocity and pressure can be obtained for the modified penalty scheme by the L? projection
method, in which the penalty parameter only needs to be chosen to be of order O(h). In fact,
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using the L? projection method and referring to the analysis in [6] for the conforming P;b— Py [23]
finite element space, we can also obtain the O(h*¥) (1 < k < 2)-order superconvergence for the
classical penalty scheme with the nonconforming finite element space discussed above. However,
the penalty parameter must be chosen to be of order O(h*) (1 < k < 2), which is smaller than
that of the modified penalty scheme.

Remark 3.2 From the above analysis of Lemmas 3.1-3.2 and Theorems 3.1-3.2, one can
easily check that, if the nonconforming finite element space X}, satisfies the following conditions:

(i) the polynomial space in the construction of X}, contains P,

(ii) fF[vh]ds =0,Yv, € X, and F C 0K,

(iii) the spaces Xj and M, satisfy the B-B condition, i.e., there exists a constant 3 > 0 such
that sup M > Bllarllo, Yan € My,

vhR €Xhp HU”h
then the superconvergence results in this paper are also valid, such as the Q}°" element spacel24],
the FQ'° element space?> 26 and the extended Crouzeix-Raviart element spacel?”]. Thus, the
proposed method is applicable in practical applications.

4 Numerical experiment

In this section, we present some numerical results to confirm the present theoretical analysis.
Let u = (u',u?). Then, we adopt the example with the exact solution (u,p) of problem

(1)-(3):
u' =100(z" — 22° + 2%)(4y® — 6y° + 2y),
u? = —100(y* — 2y® + y?) (423 — 622 + 27),
1

) 5_ —
p=1 +y 3’

while f = (f1, f?) can be stated as

fH=—100(122% — 122 + 2)(4y® — 6y° + 2y)
—100(z* — 22° + 22)(24y — 12) + 5a*,

2 =100(24z — 12)(y* — 2y° + %)
+100(423 — 622 + 22)(12y? — 12y + 2) + 5y™.

We divide the domain €2 into a family of quasi-uniform triangles with N nodes. As for the
classical penalty method (14)—(15), we obtain the errors of velocity u and pressure p under the
the energy norm and the L? norm with the penalty parameter ¢ = 1.0E—4 in Table 1. It is
clear that the energy norm for velocity and the L? norm for pressure can achieve the optimal
convergence order with O(h).

Table 1 Errors of velocity u and pressure p with e = 1.0E—4

Number of nodes lw —uf [|n Order lp — »5 llo Order
9 5.9161 1.5377

25 3.298 2 0.8429 8.493 1E-1 0.856 4

81 1.7294 0.9315 4.434 6E-1 0.9375

289 0.8778 0.9783 2.1378E-1 1.0527

1089 4.407 5E-1 0.9939 1.0451E-1 1.0324

4225 2.206 2E-1 0.998 4 5.185 6E-2 1.0111

16 641 1.1034E-1 0.9996 2.5870E-2 1.0032
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For the modified penalty method (17)—(18), we present the errors of velocity u and pressure
p under the energy norm and the L? norm with the penalty parameters ¢, = 1.0E—2 and
€mn = 5.0E—2 in Table 2. The numerical results indicate that the values of ¢,, = 1.0E—2 and
€m = 5.0E—2 are sufficient for the modified penalty method. However, to obtain the same
convergence order for the classical penalty method, we need to choose the penalty parameter
€ = 1.0E—4 (see Table 1). From this point of view, we can see that the modified penalty method
is more efficient than the classical penalty method.

Table 2 Errors of velocity u and pressure p based on u?,,, and pl,,, with ¢, = 1.0E—2 and €, = 5.0E-2

Number of nodes lw —ul, lln Order llp — Pl Order
9 5.916 1 1.5375

25 3.298 2 0.8429 8.491 5E-1 0.856 4

81 1.7294 0.9315 4.434 2E-1 0.9373

289 0.8778 0.9783 2.138 1E-1 1.0524

1089 4.407 5E-1 0.9939 1.0456E-1 1.0319

4225 2.206 2E-1 0.998 4 5.191 0E-2 1.0103

16 641 1.1034E-1 0.999 6 2.5937 E-2 1.0010

In Table 3, we present the numerical results for the L? projection to the higher-order finite
element space on a coarse mesh. We take ¢, = 1.0E—3 and ¢,,, = 5.0E—3 with 7 = h%, r=3,
and t = 2 for example. It is clear that the superconvergence results of the energy norm for
velocity and the L? norm for pressure are derived. This demonstrates the validity of the present
theoretical analysis in Theorems 3.1-3.2.

Table 3 Superconvergence results of velocity u and pressure p by L? projection with e, = 1.0E—3
and €, = 5.0E—3

Number of nodes lu — Qrul,, |1 Order lp — Rrphnllo Order
25 1.640797 111 395 0.456 076 423 989

289 0.156 576 173 253 1.6947 0.071 906 266 858 1.3325

4225 0.020 577742912 1.4639 0.005 787 531 056 1.8175

66 049 0.002 552 947 306 1.5054 0.000 444 328 743 1.8516

Moreover, in Table 4, we also present the errors of velocity v and pressure p under the energy
norm and the L? norm for the classical penalty method with the penalty parameter e = O(h).
We can see that the optimal convergence order with O(h) is derived, which coincides with the
theoretical analysis in Lemma 2.1.

Table 4 Errors of velocity u and pressure p with e = O(h)

Number of nodes lw —uf || Order lp — 25 llo Order
25 3.2994 7.850 6E-1

81 1.7297 0.9317 4.3034E-1 0.8673

289 8.7794E-1 0.9783 2.128 4E-1 1.0157

1089 4.408 3E-1 0.9939 1.051 8E-1 1.016 9

4225 2.206 6E-1 0.998 4 5.238 4E-2 1.0056

16 641 1.103 6E-1 0.999 6 2.616 5E-2 1.0015

66 049 5.518 5E-2 0.9999 1.3079E-2 1.000 4

In Table 5, we present the errors of velocity v and pressure p under the energy norm and the
L? norm for the modified penalty method (17)-(18) with the penalty parameter e, = O(hz).
The optimal convergence results with order O(h) are obtained, in which the penalty parameter
only needs to be chosen to be of order O(hz) instead of O(h) in the classical penalty method
(see Table 4). The numerical results in Table 5 confirm the theoretical analysis in Lemma 2.2.
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Table 5 Errors of velocity u and pressure p based on v, and pt,, with €, = O(h%)

Number of nodes lu —ullln Order llp — Pl llo Order
25 3.298 6 8.1714E-1

81 1.7295 0.9314 4.3834E-1 0.898 5

289 8.780 0E-1 0.9781 2.162 2E-1 1.0195

1089 4.4094E-1 0.9936 1.0778E-1 1.004 3

4225 2.207 7TE-1 0.9980 5.446 9E-2 0.9846

16 641 1.1044E-1 0.9991 2.767 1E-2 0.9770

66 049 5.524 3E-2 0.9994 1.4071E-2 0.9755

In Table 6, we present the superconvergence results for the L? projection to the higher-
order finite element space on a coarse mesh. We set ¢, = O(h) with 7 = Rz, r = 3, and
t = 2. We can see that the superconvergence results of the energy norm for velocity and the L?
norm for pressure are derived, and the numerical results coincide with the theoretical analysis
in Theorems 3.1-3.2.

Table 6 Superconvergence results of velocity u and pressure p by L? projection with e, = O(h)

Number of nodes lu — Qrul,, |1 Order lp — Rrphnllo Order
25 1.641017 808116 0.448 310 708 306
289 0.156 604 394 388 1.6946 0.072 508 664 869 1.3141
4225 0.020 583418 224 1.4637 0.005 895 378 142 1.8102
66 049 0.002 553 048 157 1.5055 0.000447 443 774 1.8599
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